Abstract. We show that the strong operator topology, the weak operator topology and the compact-open topology agree on the space of unitary operators of a infinite dimensional separable Hilbert space. Moreover, we show that the unitary group endowed with any of these topologies is a Polish group.
Introduction
The purpose of this short note is to settle some topological properties of the unitary group U (H) of an infinite dimensional separable Hilbert space H, whenever the group is endowed with the compact open topology.
When dealing with equivariant Hilbert bundles and its relation with its associated unitary principal equivariant bundles (see [1] ), one is obliged to consider the compact-open topology on the structural group U (H).
In one of the foundational papers for twisted equivariant K-theory, Atiyah and Segal claimed that the unitary group endowed with the compact-open topology was not a topological group [1, Page 40] , based on the fact that the inverse map on GL(H) is not continuous when GL(H) is endowed with the strong operator topology. This unfortunate claim obliged Atiyah and Segal to device a set of ingenious constructions in order to make U (H) into a topological group with the desired topological properties suited for the classification of Fredholm bundles. Nevertheless, these ingenious constructions of Atiyah and Segal added difficulties on the quest of finding local cross sections for equivariant projective bundles, and therefore a clarification on the veracity of the claim was due.
The purpose of this note is to show that the unitary group U (H) endowed with the compact-open topology is indeed a topological group, moreover a Polish group, and that this topology agrees with the strong operator topology, as the weak operator topology; this is the content of Theorem 1.2 which is the main result of this note.
Operator topologies on the unitary group
Let H be a separable Hilbert space with inner product , inducing the norm |x| :=
x, x for x ∈ H. Let L(H, H) denote the vector space of linear operators from H to H and denote by B(H) the vector space of bounded linear operators
The space of bounded linear operators B(H) endowed with the norm
|T x| becomes a Banach space. Denote the adjoint operator T * as the operator defined by the equality T x, y = x, T * y for all x, y ∈ H. The space B(H) can be endowed with several operator topologies and we will list the ones that interest us in this work. They all can be defined by specifying which are the convergent sequences. Then let {T k } be a sequence of linear operators on B(H) and denote by T k → ? T the statement that T k converges to T in the topology ?, and denote B(H) ? the space of bounded operators endowed with the topology ?. In what follows the notation x k → x denotes that the sequence {x k } k in H converges to x.
• Norm Topology (Uniform convergence):
• Weak Operator Topology:
• Weak* Operator Topology:
The identity map on B(H) induces the following commutative diagram of continuous maps
with the property that none of the maps is a homeomorphism. Let U (H) denote the group of unitary operators on H, i.e.
and note that U −1 = U * and that x, y = U x, U y for all x, y ∈ H. Since U (H) ⊂ B(H), the group U (H) can be endowed with any of the operator topologies previously defined. The group U (H) n endowed with the norm topology is a topological group and it is the prototypical example of what is known as a Banach Lie group, see [3] . The fact that U (H) endowed with any of the other topologies defined above is also a topological group is the main result of this section 
Moreover, the group U (H) endowed with any of these topologies is a Polish group, i.e. a completely metrizable topological group.
The proof of the theorem is built out from various Lemmas:
and therefore T * k → w T * . This proves that T → T * is continuous. Hence we conclude that the weak and the weak* topologies agree on U (H).
and since S k x → Sx and T k (Sx) → T (Sx), then we have that (T k S k )x → (T S)x. Therefore the composition of operators is continuous in the strong operator topology. Lemma 1.5. The weak and the strong operator topologies agree on U (H). Therefore we have that U (H) s is a topological group and moreover that U (H)
Proof. Consider a convergent sequence T k → w T in U (H) w . To prove that T k → s T it is enough to show the convergence T k x → T x for x a unit vector in H. We have then that |x| = 1 and therefore |T k x| = 1 = |T x|. Now we compute
and since T k → w T , we have that T k x, T x → T x, T x = 1. Therefore |T k x − T x| 2 → 0 and hence we conclude that T k x → T x. This shows that the identity map U (H) w → U (H) s is continuous, and therefore U (H) w = U (H) s . Now, by Lemma 1.3 we know that the inverse map T → T * = T −1 is continuous, and by Lemma 1.4 we know that the composition is continuous. Then we have that U (H) with the strong (or weak) operator topology is a topological group; the fact that the strong* topology agrees with the strong topology follows from the continuity of the inverse map.
The proofs of the previous lemmas follow the proofs that appear in [2, Cor. 9.4].
Lemma 1.6. The topological group U (H) s is metrizable.
Proof. Consider an orthonormal basis {e j } j∈N of H. Consider the map
where H N is endowed with the product topology. For a convergent sequence T k → s T we have that T k e j → T e j for all j ∈ N, this implies that the maps U (H) s → H, T → T e j are all continuous and therefore by the universal properties of the product topology we obtain that the map Ψ is continuous. Since the basis {e j } j∈N generates a dense subset of H, we have that any two operators which agree on the basis {e j } j∈N must be equal; hence we have that the map Ψ is injective. Now let us show that the map Ψ is an embedding. For this purpose let us take a convergent sequence Ψ(T k ) → Ψ(T ) in the image of Ψ. Since T k e j → T e j for all basis vectors, we have that the sequence {T k } k converges pointwise to T in the dense subset of H generated by the basis {e j } j∈N , and since the operators are unitary we can conclude that T k → s T . Let us see in more detail this argument: take x ∈ H and let {x j } j∈N with each x j belonging to the dense subset generated by {e j } j∈N and such that x j → x. We compute
and since T k x j → T x j , we have that T k x → T x and therefore T k → s T . This implies that the map Ψ induces a homeomorphism with its image, and hence it is an embedding.
The Hilbert space H is a metric space, and the product H N of countable copies of H can be endowed with a metric. Since Ψ : U (H) s → H N is an embedding, then U (H) s inherits the induced metric and hence it is metrizable.
The previous argument follows the proof that appears in [3, Prop II.1]. In [3, Prop II.1] it is also shown that the the map Ψ also provides an embedding Iso(H) → H N where Iso(H) := {T ∈ B(H) : T * T = Id H } is the monoid of all isometries of H, which is moreover complete with respect to the induced metric. It is furthermore shown that U (H) = {T ∈ Iso(H) : T * ∈ Iso(H)} is a G δ set in Iso(H), and since G δ sets on a complete metrizable space are complete in the induced metric [4, Thm 1, p. 93] this implies that U (H) s is a complete metrizable space.
Lemma 1.7 ([3, Prop II.1]). The unitary group U (H) s is a Polish group.
So far we have shown that U (H) s is a Polish group and we have that U (H) s = U (H) s * = U (H) w = U (H) w * . Note in particular that U (H) s is compactly generated since it is a metrizable space.
Let us now see the relation with the compact open topology on U (H).
Lemma 1.8. The compact open topology and the strong operator topology agree on
Proof. Let us start by recalling the retraction functor k defined in [5, Def. 3.1] . For X a Hausdorff topological space the associated compactly generated space k(X) is the set X whose topology is defined as follows: a set in k(X) is closed, if its intersection with every compact set in X is itself closed. By [5, Thm 3.2] we know that the identity map k(X) → X is a continuous map, that k(X) is compactly generated, that k(X) and X have the same compact sets and that X = k(X) whenever X is compactly generated. Let C be a compact subset in U (H) s . Take a sequence of operators {T n } n in C, since C is compact in U (H) s there exists a convergent subsequence {T n k } k , and since U (H) s is completely metrizable and hence C is furthermore closed, this convergent subsequence T n k → s T converges to an operator T ∈ C. By the BannachSteinhaus Theorem (see [6, Cor. of Thm 33.1, p. 348]), we have that the sequence {T n k } k converges uniformly on every compact set of H, and therefore we have that T n k → co T . Thus the space C is also compact in U (H) co , and by the same argument as before, the induced topology of C in U (H) co agrees with the induced topology of C in U (H) s .
We conclude that the spaces U (H) co and U (H) s have the same compact sets with the same induced topologies. This implies that the retraction functor k applied on the map U (H) co → U (H) s induces a homeomorphism
Then we have the commutative diagram
proof of Theorem 1.2. By Lemma 1.5 we know that U (H) s * = U (H) s = U (H) w , so the vertical arrow in the middle and the bottom right horizontal arrow of diagram (1.9) are homeomorphisms; by Lemma 1.8 we know that U (H) co = U (H) s , and then the bottom left horizontal arrow is also a homeomorphism. The proof of Lemma 1.8 can also be used to show that U (H) co * = U (H) s * . Finally, the right vertical arrow is also a homeomorphism because of Lemma 1.3. Hence diagram (1.1) restricted to U (H) becomes
Therefore, besides U (H) n , every topological group in diagram (1.9) can be connected using a homeomorphism with the Polish group U (H) s . This finishes the proof of Theorem 1.2.
The norm topology on U (H) has strictly more open sets than the strong operator topology as can be easily checked with the following sequence of operators.
Consider H := l 2 (N) and take the sequence of operators T k : H → H such that for all x = (ξ n ) ∈ H the n-th coordinate of T k x is defined by (T k x) n = ξ n n = k √ −1ξ n n = k.
It follows that T * k = T −1 k and therefore {T k } k ⊂ U (H). In the strong operator topology the sequence {T k } k converges to the identity operator Id : H → H, since we have that |T k x − Idx| = |iξ k − ξ k | = |ξ k ||i − 1| → 0 for all x = (ξ n ) ∈ H. On the other hand, if x k = (ξ (k) n ) ∈ H is defined by
and it follows that sup |x|≤1 {|T k x − Idx|} → 0 whenever k → ∞. Hence we have that T k → s Id but T k → n Id.
Therefore we conclude that the operator topologies defined at the beginning of the chapter reduced to only two once restricted to the unitary group. The unitary group with the norm topology, making U (H) n into a Banach Lie group, and the strong operator topology, making U (H) s into a Polish group.
